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(57) Abstract: 

PROBLEM TO BE SOLVED: To provide a Montgomery 
division device capable of obtaining a divided result in 
a Montgomery arithmetic area at a high speed. 

SOLUTION: This Montgomery division device 200 for 
obtaining the divided result Y in the Montgomery 
arithmetic area to be Y=B.A' (-1) 2 n mod N for the 
integer (n) of (n)^L when a bit length at the time of 
binarily expressing N is defined as L for a positive 
integer N, the positive integer A (0^A<N and A and N are 
mutually prime) and the positive integer B is provided 
with a Montgomery inverse element calculation part 201 
for inputting the integer A and a modulus N and 
obtaining an inverse element X=A M).2 (2n) mod N and a 
Montgomery multiplication part 202 for inputting the 
obtained inverse element X, the modulus N and the B and 
obtaining the divided result Y=B.X2 (-n) mod N. 
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(57) 

Z>Ct. 

im&k^m JE<DM&N. JEOW8.A (0 s A<N. 
AtNfiSlXC*) . £E£«B >T. N£2jI3l 
3Il,fc£2<Dt^ f-fi£L£LT. n^LftSglfcntC 
ftGT. Y= B • A " (-1) Z'n mod N& 

BftHiSg-C&oT, S^AiaN^A^)iOT^X= Y=B-(A- 1 )-R(modpi 
A" (-1) -2" (2n) mod N£#S>&*> 

*tiri#m=B-X - 2* (-n) mod 



X- (A" 1 ) R 2 (modp) 


X 


1 


X BR " 1 


(modp) 



201 ^>^^ Vtf^SmBS 



B 



202 =z>uvmn& 
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1 

[H^fll] IE©lg$!N. iE©^»A (0£A<N. A 
tNttSO.K*) . IECQgi$!BtC-3(,>r. N*2il*Jg 

L-tT, Y= B • A" 1 • 2° mod N«t**>=f^ 'J 

^AiffiN^rA^<tLTM7uX = A- 1 • 2'" mod 

*«>6nWS»7cXijSNiB4A*tl/-r«{#tS*Y= 10 
B-X-2- mo dN**«>£-fc>=fy 'jmf&Btt 

^AiffiN^AJjiUrtfrBlfe^C^A- 1 • 2' m 
od N^<7jt-*k (L^k^2L) ****jJ»7C 

#&6ft/ctffa&*C4A5y~*k4&N£A;ft4l, 
r &7CX = C'2'-'mod N $7nffiiE#f3 

t«rr* c t wmttzmm i KiB«o*>=fy 

[»3&»3 ] JE©^«N. IE©ig$!A (OSA<N, A 
4N«5l>tCJSS) v iEWS^BtC-ot^r. N£2jt*5! 
LfctSOt-; hg£L4LT. n2L64fflSnK*f 
t/t, Y=B-A"'-2" mod WZ&*>d[jt <J 
Y *#* a * > =u u »*»»-c* 

^AiftN^A^ib-C^l^WalS^C-A- 1 • 2 
k mod Ni^7^-^k (L^k^2L) 

2<0t>BI*S*D = B • C • 2'" mod N£5fc#>6* 

*D iiifBjS!7t:iW#KK «t 0 jfcftfchfc/'S 7 - * k 
4£N£A*4LTI&»*4l|iY=D • 2 H -mo d N 
Sj»7C»f E#S 4 fc C 4 « 4$ft 4 T £ * > 

[11*314] jEOenkN. IE©g$$[A <0^A<N. 
AiNliIl>lcf) CCOt,>T, N£2jII?*BUc4*© 
fcT» hfi*L4LT. n^L&iSSaftntcWU-C. X= 40 
A" 1 • 2'" mod NftZ*l>aMimW$V<D&7b 

x&&t>&*:/=ot yj^7tim^gr*)-5t. 

ag»A££N*A#iLT*nM6*C = A- 1 ■ 2 k m 
od Ni^'^y-ifk (L£ k^2L> ***Sj^tc 

*8E>6hfc*l8IIS*C4^'5^-i»kij*N*AJ3il/ 
T«SX = C • 2 , -'mod N«:*«&Sa!7clfiiE*S 

t * fc c t t * * > =o» y a»7csfr»iat . 
[■war 5 3 rt95jc*MSE»*gttrsjS»ou^* 

4. 50 
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flffBuy***S*fcti£«:f ? htstf., vu-y hft 
4. 

2 oo u •/ * $ ©rt^©»p» $ 9 ftiHfts 

4, 

2 o© p ^ J» ©(^©A-'hJttSfccfc P ^X * f*3g|5© 

fti-raii^]i4(ciats©-t>^y yasscsf-sies. 

[8**16] iE©*8S»N, iE©^|S;A (0^A<N. 
AiNWSt-HCjR) (coi^T, NZ2M3m.btct%<D 

A" 1 •2" mod Nft-S*>=f^ y?a»JS-C©jHS 

x 4 * > =r j* y jSTcftrng^r* •? -c . 

D3Wt«8*2jt*!B«:rU-N. V = A. T = 0, S = 
1, k = 04U 

WH, k£ 1 Jfftrf £ 4 4 fc«C. VOI Tfifi. F 

UOSTfit t* ? h#s 1 V©ftTfit'-^ h 35* 1 T? ( U 
>V&€>«. UMV^SD. UttW H, T(CS 

ufDmra^'j bifi 1 #ov©&T<at* ? h# i t, u 

£V&6tf. V*>6U4iD, V^->7Hy, S(CT 
T^fr>7 h L. k£ 1 «ftr*-4«HI*»&&£ 
-Jt©;U-r-^«ai4. V>0©RH. mK)'ML. 
V^Olcte-? fct§£\ T £ N£ 5 «T*?6 N £S? Dfcft 
tC. N*>6T*«Dfcffl!*Td:b. T<N&^tfN*>C> 

t£«o fcfit^ t t r zmmn . 

ft. T^Na6tfT^6N«r*0ri*Utlni/. T< 
Nft^tf i*lWWr4*-^*a*. i<2n-k© 

i =2n-k{C&-5fci*©T!feaS5cX4TSaS7cffijE 

s„ 

WW017] UMW«itl/-CN**«3eS*»4UU5?Xj'. 
4. 

uuyx^©s->7h, Vbyx^o^K tup 
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Cffll*S8 ] iE©IS»N. iE©«E!SA (0=SA<N. A 

l/"C v Y = B • A" 1 • 2" mod N^C-S*>^'J 
or. 

SgifcAt«N£,U^<fcl/t:j£7cX = A- , • 2" mod 
3ft* 6ft?cj£7uX tffiN i B £ A^t L--CI&#igmY = 

l^A£ffiN4A#£0Tttirail§SC = A-' • 2 l m 
od Ni^7^-$k (L^kg2L) 
m>hntctyf&&$kC b>^A - £ k £&N JkXjlt L 
Ti£5EX = C • 2 ! '-'mo d N£#&S4>©-C£>££ 

^€rTO£f5iiJ}<]i8Kiais©*>=f^ vmnnm. 

[«#f 1 0] iE©^N. jE©g£fcA ( 0 ^ A <N, 
AtNWStHC^) , iE©^B(C-^^-C, N£2j*S 
35iL-fc£t©K-, hfi£L£LT. n^LfcSHIfcntC 
>PtU"C. Y = B • A" 1 • 2" mod N&£ ; fc>3^ 
'JiS»tSr©l^msmY4*&^*>^^ U Kaffir 

SiAiSN^A^i US 1 ©«Sf C = A" 1 • 2 
' mod NiA^y-^k (Li ki 2 L) 
£^1©;*T;> 

C©»l(DXf-; 7'CC J; O^tf) 6 titcW 1 ©#HM£I?IC 
£ffiN£B^A^<bl/-C^2©cfrsS^D = B • C • 2 

mod N?r*S)5t2tf)Xf-^ 
C©»2©^f 7 J:9#a*6ftfcfg2©tWiJflD 

igute® i©xf'j 7ic<t *)*<£><=>n;tA^ y - # k £ 

£N£A;fr£b-CI$$l*SftY=D • 2'-' mod N 

> damnum. 

mmu i] ]E<D$m®N. ie©si^a (o<a< 

X = A" • 2 !n mod N%£*>3*p< ^ifllWC-© 
i£5cX 3^ <)mjunm?}&X$>vX , 

^A£aN^A^£bTt^I^ B m^C=A- , • 2" m 
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od Ni^y-Sfk (L^ k^2L> 
*&P>ftfcctiRf]|£JftC £^ -5 y - f k £j£N £A;>J<t t 
TjMtcX = C • 2 J ""mo d N£##>£ 

2] iE©^SStN > IE©g&A (0<A< 

X = A" 1 -2'" mod N&S-tVraV vmmmxo 
2*7cX€r*d?)S*>^ V^Sfm^ffiT-^T. 
10 t73m«*2it«crU = N > V = A. T=0, S = 
1, k=0£L. 

U©MTfiit'^ b-tfiOtxhif. U%fr>7H. S££ 
k*nm\i?Ztti>!,c> V©ftT{it'?K 
#S0&P>W:. Vfcfii^hU T£3:->7 t-b. k£l 

U©&T<i 1' f- *H V©&T{£ b' h # 1 X\ U 

StUd*.. s^2E>-7ho. k£ ltittrrs&ffli. 

U©»T{ie-, h*H^"3V©ST{it*^ FA s lt, U 
20 SVJ&ibli, V*>£>U£j#D, V££r>7hU S«cT 
SrtlDx.. T?:Si/7hU k £ 1 ifflD^£&Jl#»'E>&& 
HftWI'-- v>o©r^. ItOilt,. 
V=05t&ofct§i%. T£N£6tfTrt>6N£«t;)tfg 

tOWttffi* i = 0£U 

mJie^ l ©^t- •> y'ic^'omibbntcT^yy h utc 
T^N&6tfTa>6N£«(;r i ^rittiao. T< 
N&6« i£ltfftp-r-5;l'-7-£« : Jl£. i<2n-k© 
30 RSI, *g«5JIU 

i =2n-k«t£c-?/c£S©T£i£7cX<!:-f £S52©X 

[000 1 ] 

[£§Hfl©)S-f *^Hq«, ft©^^-> 

[0002] 

ZtKMVtt. M.«©a-if (CO: *«fR©^^^^c 

t'^jppiisi «: «3 . -e©?tM £ t x^mmm^m^mm 

[0003] ^»i^-cw. ^<§fi©^^st-r 
50 mnvmmznzttftz< . ^©^b^tttgici^ 
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^r>nV yg&fctxJK (DP. L. Mo n t g ome 
ry, "M o d u 1 a r mu 1 t i p 1 i cat i on 
without trial division". 
Math. of Comp. , Vol. 44, No. 
17 0, pp. 519-521 ( 1 985) 

[0004] *>=o< vnmt&fe&vm&m&z&fe 10 

>3vy?n^os©7c (cft&i^D*j&sr*s) ©s* 
x^r &d . Hi&©fj&sve©3i*it£-f *«t 

>3V tj jt^«t^n*>^fss«# i iniea©*&iir 

r&S. Lfc*s or, RSA (Rives t-Sham 
i r - A d leman) Bg-^ft < O&MllfiWC 
W. *U3ft^-C©^+^pJ^»c=m" mod N£ 

-&©s*?^i i/cvs/tso. c©*>=fy >;^tft*w 

K©jtiM>rUfea^bK{a:o&*i6«ci>) . 
[0 00 5] iCoT, jfi^ 8rU>B#*f#5$**fI*W 

?z-mm$ti~ci>t). mx.imFi8im.mmfiO:®®m^ 30 
©if-caB**«>ri»4. c*ni. mpmiisLkvuum 

i»ri>s„ 

[0006] cct, «RftiKe^©i£*SI#eco«,»r 

[0 00 7 ] ^PgftFp (/c/dU P>3) (CfcUt. 
E(a, b)/Fp : y' =x J + a x + b mod 
p 

fc/cU O^a. b<pfc£^lt 4a' +27 b J * 40 
0 mod p-C3aK3tt4iHi**WI!R»Fp±<D«R 
ft«il»^. ffinffi^±©*4(i. ±a*«fc-T (x. 
y)©tt(fcft:U O^x, y<pftl,St) icMM* 
* O £JjQ;L fc & ©£(, » b . C ©&B&i*0 teM^cM^ 

[0008] «ntt«±ojSttWT(c*-r*nii{cBBi/r 

Sttt-r. «P3«±©^.P= (x, . y, ) . Q- 
(x, , y 2 ) ©ABM«S (x, . y 3 ) ilTSi, 
&©«fc5(Cft&. tctcb> -P= (x, , -y, ) -C4) 

50 
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[0 00 9] ( 1 ) QAW&7cO©ilr. 
S=P+Q=Q+P=P 

(2) Q=-P©it. 
S = P + Q = Q + P = 0 

(3) P*Q©£* (tcKb±$B. <1> (2)J&(ft). 
x 3 = (y, - y, ) ' / (x, -x, ) * -x, ~x 
, mod p 

y. = (y 2 -y, ) (x, -x 3 )/(x, -x, ) 
-yj mod p 

(4) P = Q©££. 

• y, ^ 0©i££ 

x l =(3x, , +a)'/(2y,) , -2x 1 m 
o d p 

y } = (3x a ' + a) (x, - x 3 )/(2y, ) - 
y, m o d p 

• y, = 0©t§£ 

s = o 

*fc. tflP3ffl^±©*P= (x, , y, ) ©e 

[g}H»ts±ictt]#©^ vi&istb t-x<D<k*> icmmz n 

eP=P+P+-+P (P^eBMIti) 
te/cL, e<0©tt§£«, * (-P) £ (-e) {ST-*. 
( <~e> «iEr*5) . e = 0©i#(C»0P = Ot 

[ooio] t»nfttgm#t?tt. e©«Rii&SLb©*© 

«. tIRE 1 Gama 1 Bg-Sf. ffiRE lGama lg 

«. «inDH&£«:*jwa«Hi©^:**i«)sa»r* 

[0 0 1 1 ] IWoT. RSABf^fij^m^S* 
Si»£LTt»4©{c*tl/r. «P3MBf^T'«. s*?a 

[0 0 1 2 ] 3r. ffinttiWB#©<fc9tc£:^)W£ 
<&S©0Wa»©a 9 £ l/flfflrc* S J: 5 & Kfli] 
S3J¥©ttJ-c*a«:i^lffl*S-r* *>©«. $fl£iil?fc<fce>* 

<d*> mm<DM$mm*> xm. < 1 ) ©^>=f^ 

[0013]-*. M£l^ti]£rtitf3t£»^g£© 

;u=f 'J XAfct-e-ftil: t'iSjSr»a(,>„ J; ») iSaftj^Tn© 
st*Sior. ^fgfiea©*->^h (i/2ft). ftp 

H. S»-C«JSS*i^ft«ffi*J. WjttdCXiK (2) Ka 
liski.B. S, Jr., "The Montgo 
mery invers and its appli 
cation", IEEE Tr. Comp. , Vo 

I. 44. No. 8, pp. 1 0 64- 1 0 6 5, (A 
usr. 1 995) iCm3*Vt(,>£. 
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[00 14] L*>Lft#s*>. m'&<D$M ( 1 ) 
y y JftWiXK ( 2 ) ©3B**t?©l»»©Ka»Hltffi* 

yto'cc^ffi/ftwhtftt^^ *->i — k#A£< 
[ooi5]jfc, *>=o< yaawraftsg 

[00 16] C©«fc5K:. *I*»J|t«rKjS<brSCttt 

EB-c*si(,^rajffl^*-5yt„ io 

[00 17] Ltc&iX. «nft«IIS#©«J:^{c|£*SI 
»^E3fliJ?H* (MftKSBf) ©»DjgU8Urc*S«fc5 

[00 18] 

[ %l!8ftSJK$ t, «t 5 i -T 5 BB ] feLhlttW L fc <fc 5 K . 

n-cfc6T, <&raiiB§-^©-«r*stinffli^iif^«ci' 

[0019] *»9itt. ±K*W**ItUTfcSnfc*> 

©r. ^>^yamarc©af7c%i*afc*«>sc<!:© 
r*-s*>^ ya*rcft#fSKROT?ffi. *>=f> ys 

jmS-C©l» JWS jStc*a5> SCi©-C#**>=fy 
y^WSB&0 t ^*»«'r4Ci4BWiT&. 
[0020] 

iE©M^N. JE©l££fcA (0^A<N, AiNIJSl»(C 
^) . jE©S»BtCot»t:. N*2il^HJ//ci*©K 30 
^MLilt. n^Lfc-SSIi&nJettUT. Y=B 
• A" 1 • 2" mod N&a^JyySltWC©!* 
hussy*****:/;^ yi^»gg-caboT, gg(A 

i^N^A^i tr^TuX^A- 1 • 2" mod N4 
ffiN£B*A#£l/TKilMS*Y=B -X • 2"" mo 

[002 1] *|%H^ (|***2 ) «. St$3 1 CCialg© 
t^aVyifgfKfcUT. B?IB ; 6>3V yiI5cl+» 40 

SlAiffiN^A^iLrWSSC-A- 1 • 
2'mod Nt^vJ-Z k (L^ k^2L) 

k<bSN^rA^iL/riM7cX=C • 2'"" modN£ 

[0022] amm 3 ) ». ie©1£3&n . e© 

SSRA (0^A<N. AiNtiS^KJR) . " jE©I8KB 
tCot,>-c> N£2iI£JlCfc&*©tfv hg£L£t< 
r, n^L45Iin!cMlt. Y-B • A 1 • 2" 
mod Nt£Z*y3j>)m&®V<DVm&mY%*Sb 50 
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Lrmi©4>P B mmC = A- 1 • 2' mod Ni^5 
y-£k (L* k<2L) £##>-5>$7tft»#fS£, $i 
ftttitcm 1 ©*IHtS*CiSN i B£A#<t UTIS2 
©ifP^S*D = B • C • 2- mod N 
diJt <J £ . C ©* > =f j» y «fc 0 

e,ftfcS&2 ©*|S»S*D iBuI3j£5nitl?^!3tt «fc 0** 
6tifc;^ > - 5 k iSN^AAi Ltilfef Y = D 

[0023] *il <fi#JI4 ) it. JEOG&m, iE 
©1I3&A (0^A<N. A±N«5l>(tJPD KOUt, 
N£2»f|SIt,fc£&©t'i> hft£L£LT. n^Lte 
SHIStn^Lr. X = A"* • 2" mod N&5^E 

y»j|uj|-c©fl!7cx**«>**>=fy y jasEttut 

A" 1 • 2" mod Ni^7y-^k (L^k^2 
L) %*w*iEjaH-»*Si. *©6n/ttplffl«S*Ct 
^5y-3fkiffiN%AAi0-ca»7cX = C • 2'°" 
mod NiJjtJbSaSTctfiE^RiSditfeCi*^ 

[0024] (W*iB5 ) «. ii**4 tciats© 
atr $«$© u ^ x ? t . Huia u * $ fcw^ic 

-AW £ fc««»*tf -5 MlSftlg i . 2 o© U i^X ton 
§©A/J^tl5te b i^X 5?^g|J©0fS© tr v V fi[g© 

[0025] <f»*J16 ) ». IE©^SiS(N. IE 

©M$!A ( 0 ^ A<N. AiNttSCHC^) (CO^t, 
N£2iM*3SUfc£:#©tf v hg£L£LT. n^L^c 
S^ntCJtUT. X = A * • 2 In mod 

>av y»in*r©a»7cx**ft**> vmicHn 
mm-e^ix. vm%&*:2m%Mtcrv±ti t v= 

A, T=0. S = K k = 0iO. UCDiTfifi- h*J 

to-rSi<i4>K. V©«T(4t*-y h*«0&6«.- V^a 
^7hL, k?r litftJ-r^^ffi.!:. U 

©ST&f »y h *5 1 ^-5V©ST{4e h ifi 1 -c. U > 

tox.. s*2tj/7hb. kzimhatmmt. u©g 

x. T?:£^7hL. k^iiiAi-rsMa^^&a-a 
co^-T'Ma*. v>o©ra. ^oigu. v = otc&-? 

*T<b^-sa»jtiHjt#iais «iw«ai* i = oiu i» 
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T*N&fc«Ta»fcN*«CTi£lHMjOL. T<Nfc 
£tf i£ liiJmTS ^-^SSffifc. i<2n-k©IHL 
8»JiBL. i =2n-k«Cft'ofc££©T*jl!7cX£"r 

[0 026] (11*97 ) tt, §»5jc«6 tcietx© 

=f y >J SScSHfSfiJcirt, > X . t7J£TO iltNAi 

6 V l^X jf 4 .' flJJtBtttSi LrO *1W£3 t"l£ T Vis 

*M!t«8il/-C0*«K3£$ti-5kU^3'4. U Ui>x 10 

©F^^j^D-S^ffi, TU^X£(CSU^X*©F*3i?£ 

ffi, Tb^X^A^NSr^C-SMS. N*6TUyx£ 
©F*gl?£MD65flffl. fc^fctfk U^X£&t 1 

ffl©5*>jgssftfcfc©*f^rajto«&M»£. uu^ 

Xd?©ST{4t v hA5 0r*-5^5*\ Vl/yXir©i 20 
Tfib'-^ htfJOT-fc V Uv>X£©ffi#50tt& 
itcfr&ftK fc<fc£>*T Ui?X*©ffl*SNtt±t?*S^S 

[0027] xmw amms > «. je©k»n. ie© 

(0^A<N. AiNWEC»{CS) . XE©fElc5EB 
K-^^r. N£2ii«Jiil/fc£t©b-;» hg£L£b 
T > n^L^C^Ig^n^fC, Y=B-A' 1 -2" 
mod N44*>^y»JSi»lS'C-©H»|g*Y%*«> 30 
i*>a> SSMAiffiN^A^i 
UrMTcX^A- 1 • 2 Jn mod N£*tf>5!fr 1 ©X 

JMS*Y=B • X- 2"" mod N£*at>6Sil2 ©X 

t- » ?•£ **rr £ t i i -r a. 

[0028] *ftBIJ (»*«9 ) ». Sft$£8 tCgBK© 

y l&jt^r&tcfci^-c ffriB® i ©xt? 

Mg(A<!:ffiN^A^<tbT•^Rgg^C = A- , ■ 2 k m 
odNi^7j(-^k (L^k^2L) ^sfctf). 5fcist>6 
*l3t*WHS*C i 5^ - # k i j£N £A# £ L Tffi^c 40 
X = C-2 Jn -' mod N £#:£>£&©-(?£>£ C££ 

[0029] (ff^jB l 0 ) «, iEO«9»N. IE 

©^IfcA (0^A<N. A£Ntt20tC§?S) . lE©$Si& 
BCCOHT. N£2jIf|JgCfc£t©b;, f-fi£L£0 
r. n>L&£S£f$!nK:>ttG-C. Y= B • A" 1 • 2" 
mod N ft S dV'J SlJIUSr ©BfcfMSS Y 

L--C^l©+ra^C-A- 1 • 2" mod N£A^ 
X-fk (L^kS2L) ^WflO^f-;^, 50 
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c©m ©xf - » y't,c£i)$ubt>txtcm i ©tt>F B ifemc 

4ffiN4B*A*<bOr»2©4iHIIS*D= B - C • 2 
- mod N%MtbZ>m2<DZf-v 7'£. C©^2© 
^f'^KJ: 0 6 fifcS! 2 ©tplfflfeS D £ MESm 1 
©x f- v J: •) Jfc© 7 ^ - £ k £ft N £A73 

tU-CRSlMS*Y=D - 2 2 "-' mod N£*«!>3fi? 

[0030] (.mm ion ie©^^n. 

iE©^A (0^A<N. AiNWStr»{C^) JC-?t,> 
T. N*2iI38!Ofci*©t? hfi*L,£0r. 
L«c4ffittn«C*tL-C. X = A"' • 2" mod N& 

> zijiy mnmx<Dm7cx *#«>s* > y mtc 

C = A-' • 2" mod NiAy/'-^k (Uk^ 
SN?:A^itrffi7cX=C • 2 2n " k modN^i* 

[0031] xmn <a*s 1 2 > b. ie©$^n. 

jE©S9»A (0^A<N. AiN{*H^tC3R> Kot* 
UiSSSnKifU, X = A" • Z" mod N& 

^,*>nv ygifia«r©afjcx**»s*>^ v'Mtz 

-A, T=0. S=l v k = 0iU U©ST(4f^ h 
^0J&i=>«. Utfr>7H, S^->7H,, k^l 

fr>7ho. Tt£i/7K/, k^UfJJD-r^^II4, 
U©STfif 7 1 A^V©ST{4b'-? \-ifi 1 T. U 
>V^e>«. U^e»V^G, U^S^hU T(CS 

s*£->7i-t, kzimNtzmmt* u© 

^T(4b* ^ h 70S 1 *>OV©ftTfit b y h*J 1 T\ U^V 
J5c6«. Vj&»6U*«C. V4fi->7H, SCCTSrflD 

©JU-T'MBI*. V>0©Fh1 V = 0(C/.c- 3 

?:«C/cffl?rTiL. T<N<t€»«N*»?.T*«Cfcffl 

Btlie® l©^r y7'(Cj;f)fS)e.nfcT4£i>7 Mit 
^. T^N&f>«:T*>6N&MD-C i J&liSia^v T< 
Nft^Bi^liffln-rS^-^a^. i<2n-k© 
FbI. ^OiSO. i =2n- kicftofcitf ©T£j£7cX 

[00 3 2]*#!8KJ:h«. 'JSUHS©** 

©TC^rA^itr. *>=r^y^»^r©^jHS*5ril 
7C©f«Wfc4©aft • jM^ISf©+-^' — . f K*iftC^c 
[ 0 0 3 3 ] * fc. *«§8{C J:ftK. *>=ry >jS[ff« 
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[0034] ttc, #mn<t£tn*, *>=Mysi*ig 
=iv y iS»«r©KJM>K»«cKB«fiS**S!E3ir a? 

&„ 10 
[0 035] l/d)5ot, tfRfti^feiOJ^CCSiJ 

[0036] fete. Sg{C^^*^»^(C^^|EI« 
[ 0 0 3 7 ] £ fc. «B*yfctt#SCC«4*«Wtt. 3 

© <**t»t±a>'t;a-**^&i&wctHS-r5^&4. 20 

LT«flB3-tt4fc&©. *«l>{ta>lfa-*{cS»» 
[0038] 

[«m©h»©»»] err. affl^tiiu**^^© 

[0 039] fete. «TT«. HtSts. uK-)l>ts 
mod u«, siuttll^fci #©S^;S:g|Tk©<t 

30 

[ q o 4 o ] t fc «fc 5 k* > =fy «j a #*£?©«& 

t jWfflfcftT* <<) . R S A WH»fc £«&«©***» 0 

sn^fc&3„ tfRft^Bg^rtt. ffefrsr© 
*0f £©IhM o ii-r c i -cww r ju =f y xa«s« $ 

<hLr«^?JKSI«r#£4>©#fe<. tfRftSBf-^ 

ts § ft £ *> ©k -?(, » r > 3W si^^^jffl u fc^ 

[0041] *fgf&&fgCCft*l$l?gS. ^TtltgLgg 

«. -e*i-e-ti*>3vy?a#«r©«i]^», i£rcit» 
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[ 0 0 4 3 ] 0 1 2 (C. *>=fy iJSMOCiftftjRZ P 

o'ttis. ism. sin. K»©Qjmaiff©Ri«*^'r. 

[0 04 4] fete, S!©tep»Ktt-ca$#. #$o< 
[0 04 5] «*»Zp-C©jc«rafr4i*. *ftJC 

ftfoSZ^yd;* ysUPScjnAKB. 

A= a • R mod p 
itj: 9 6ft 

[0046] *>=f^f y SI#^©7CA^P>#J^» 
Zp©7ca^©M^&». 
a = A - R" 1 mod p 
&c<fc^x.*>ft&. 

[0047] cct?. Rtt*>=fy»;sw«*se«-r* 
/^y-mo, -e-©^ff«. 

( i ) Riffip ti*m>lcmv$>6Ci. 
(ii) R>p 
©2-3T-&-S,, 

[0 04 8 ] — mcRU2<D^m (R= 2" ) <LU 
v YWiZLt t/cJS^CC n£L£$Sft:U 7- Kg© 

fS«rc***^©ii*ffli>4c4*i»*Lt». «T-c 

{*. fgffi©fc.&tc. n«Sp©lf hftLi^Llife© 
[0049) 11 3 (a)K, p = 23. R-2 ! <n 

= 5 ) t btc.m^<Dm^m z p ©76a £■=&> ^ y 
«©7cAi©#jsiBis*-fliii/r^-r (fc^i. mm 

[ 0 0 5 0 ] *>=fy y smsro^mss^Tcit^ 
[005 1 ]^. *>=f^ y Wi-e©ii5cit»<bra 

lUi^a. *I^Z p©7ca(cStl/A = a • R mod 

r. Hi 2©cfc^(csi|-c*^. 

[0052] *>=f> yjH^fe^ttl^teJ;^^ 

A+ B mod p 
A - B mod p 

[005 3] ^{C. *>nV y 
A • B • R 1 mod p 

[0054] ftu©*>3^ vmnmvommt^y^'^ 

VftJlABR- 1 mod p % fc <t«T©<J: 0 

©(C^$^S. 

[005 5] A©i»7cX{i. A <t X>&«^ • tt$ft<h L 
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P 
P 



a mm. b«£ 



(ML. A' tt*> 



10 



20 



V<Dm&7V £ £R £*3m<i ir§i5i:oMit 

-T^fct. «5cX». 
A • X = R 2 mod p 

C0 05 6] i/fc^o-c. «>=fy>;amac-co^P 

4 T 5 A f C o t > r ©j8»73HK* . 
X = A 1 • R 2 mo d p 

t o o 5 7 ] &m z^M^mzmymnms. 

t±. A*)A£&ptC*fl,-t. X = A 1 • R l mod 

[0058] mmicLx. m*p 

Y= B • A" 1 • R mod 
= B-A* • R" 1 mod 

[0059] aJW42WSW^»<CtR&KJ|tiBg«, A 
^>A. Bi^p(C*tLt v B • A 1 • R mod p=£ 

[0 06 0] 01 3 (b)tC, p=2 3. R = 2 ! (n 
= 5 ) t L fc»^<0»*3fi Z p CCteW a £ 3l7CX © 
.#j£Wft*-0f£Ur^r. Sfc. 013 (c ) K. p 
= 23. R=2 S (n = 5) £ t,fct&£©*>:3 ^ Ujft 
«S(Ct»W*?cA £*j£SX©*flSH«*— W£ LT* 
T. 

[006 1] ST. C©i^&*>:A*ySl3l£fiJ«-r 

*ccb. &$£#j£*zp*>e>*>=o< vmn^om 

^miiiiMao^a-c*^. £&£ur«*£9Ai*& 
[0 06 2] ccr*. ystSfcfUJBi/fcSttW 

[0 06 3] Witf. p = 2 3. R=2 5 (n=5) £ 
L-C . t>^V ?ftf£ fcFJfli Offc&S Zp©%a=3©* 
Y=B • (A" 1 • R 2 ) - R* 
= (B • (A' 1 • R ! mod 
= B • X • R" 1 mod p 

Vi^7cft»a52 0 1 VZWb>3* ';{g#l?g-C<DA©jM 

^3iL-C*>^»;a#a52 0 2KJ:r)Y=B • X • R 
- 1 mod p, -T&*3^Y= B • A' 1 • R mod 
p <5>o 

[0069] ';^SU2 0 2 «. *fjft*"C©« 

3»Sff^-c«M^tfXK ( l ) tt£KH*3ftfcft*no 50 
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*jaS7CX**«i)*»^**A4. tf. *|ife3&Zp©7ca 
-ACC. *>3"yViS@l|S©7cA=4©jl7cXi 

ir, x-3#cft£&. ^lt. ^evsryyajnuaos 
X=3Srfl*»Zp©7cx«:a!^jft-rSi v x=8## 
£S„ &*>\ tJ^Zp©7ca = 3©M7cx*itg|. S"I 

&&r>}?#>££, K-sifti jbsacesi-ssc-rs 

C£ &t>ft> 

[0 064] Sfc, WiH, p = 23, R=2 ! (n = 

5) tit, *>3s<)im%mmbm£?hzp<Dmn 
3x6*k'<7tj:>jm&zmz.z. or. m&$zp<d3& 

6&*>JJVWm®<D4i:8lcmkL,> Y=4x8x 
R" 1 mod p*>6. Y" C*l**K** 
ZpKMtSi, *#i|g*iUry= 1 8***S 
£„ fc*J, #I&^Z p "Cit^y = 3x6 mod p £ 
*J6Si. y = 18£&*K ±ia©fe*i-i5c-r.S>C£ 

[0 06 5] ifc. Wttf. p = 23. R=2 S (n = 
5 ) i OT. !/i»#|f*#ffliO*!|jfc*Z p ©«* 

6£2£*>3V< , ?gt#$©8£ 18lCg&U 

1 8©j£7ciUr 1 6£ifrs6. Y= 8/1 8 XR-' m 
od p = 8xl6XR- 1 mod p#>6, Y = 4# 
3?£So C*i£«^Zp{tj@?»f££. ^ffM*£ 

2 mod p^ftSi. y = 3££<9. Jbf2©*§* 
£— ffSrf *C £#*>*>$. 

[0066] feiTr«. *H*g^*JiCfi65*>=T^ vat 

^t|i-c©^7cit*gg*5j:om#^ccoor^-r 

[ 0 0 6 7 ] B 1 K. ^8W©— IQ6?B»K«4*>rf 

2 0 OH. *>aV 'JjM7timgi52 0 1 i*>3X 
©gP2 0 2?:(i^r*i^. Ua»7citJfiSp2 0 1 

<fc^>=f^ 'JS@SI52 0 2*^-- fr>^-f ;UcW«L,r 
*>rf^< Ult»ttg2 0 0*#NSl>Tl>S. 
[0068] $HSfeff$.»J.-CB. <) ^»Y = B • 

A* 3 • R mod p£. 
mod p 

p ) • R" 1 mod p 



30 



[ 0 0 7 0 ] m 1 4 «C. ';St#gP2 0 2 (CteC^ 

•2»toa^)«©-«5'J^-r. CCTB. 2^A. BtcML 
■C. A-B-R' 1 mod N i l/traiB 

[007 1 ]V = -N 1 mod R (T&£>%. V • 
N=-l mod R^SIfc-fV) (*f-y:7S 

10 1). T= A • B^iso (Xf-^-S 102) , W 
= ( (T mod R) -V) mod R£*& 
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f^'S 103). T+W- NZTlcRAL (xf-^ 
S 1 0 4 ) . T = T/R^HtrT-S (Xr 7"S 1 0 
5 ) . -€■ LT. T>N&P»tf (Xf?7 - S 10 6). T 

^e.N*s«(xf^sio7). cotacnh 
jB8&©T& ©$j o a b p ±&<d$) i) m wmmv t h . 

V©fl«:feNtCOl»TStJ|tLr48< CtX\ 
[ 0 0 7 2 ] 0 1 5 it. ^>nV ';^»gR2 0 2 (Cfo-W 10 

zteimmwiKDrnz^-?. zotvm^mitmi 4©^ 
tcb<DV$>z>. ccra. 2ifcA. Bccttor. a-b 

• R 1 mod N£$iit>Z>b<DkLXm.iZ??>o t 
fc. A. B, Nfc£tt. a^bT*^5n-Ct,^^>©i 
tfRtf. A=a r _, b r -» + a r _, b r "' +••• + 
a, b + a„ ft£"©ff5j£r*£. CCT*. »lfcbtt2© 

^jfitu «jL«r2' . 2"-c*5. &*i<5A,. b = 

[0073] v 0 = -N, mod b (-ffcfcfc/ 20 
v, • N, = - 1 mod b^ifctv. ) <&5&f>> 
T=0. i = 0th Uf 5>7"S2 0 1 ) . T + 
a.Bb' £T(tttAL, (Xf5 7'S 2 0 2) . m, = 
t, v„ mod b^«)(Xf^7'S203) > T 
+ ra, Nb 1 ^TJCf^AL/ (^ff7'S2 0 4) , i£ 
U8»rr-5. Xr^S206-C, i<(r- 

1 ) &6tfXf-:/:/S2 0 ZiCW;Z>. ttc. Xf?7'S 

2 0 6t, i > ( r - 1 ) tae } \t)V-Zf^\i)%Tv V 
S207W). T = T/R*J!tfrS (Xf^'S2 

0 7) „ L/~C. T>N&6fcf (^r-^'S2 0 8) . 30 
T*>6N**rT.5 (Xff^S209). C©£*KS 
6ft6T#&£N£lTaA£B©*>ri.>< "JStfMSUr 

[0074] C©^J1© 1 ^©^ftfi. X-r y 7"S20 

7©|lifii:m(i:fcii'r. T©Tfitffll©L^n ? t>ifi&T 
0 (T&;b*i. TttR©{§$) fctt^tc**. LtcOfi 

fj*#«2ii^©T(4©^»)Wor-^-e^s„ ifc. 
v„ ©ffi*SN{coi>ri+»L/r*j< cit, #kffl©£& 
^{b#B[tg-e&£. 40 

[0 07 5] W_h©J; ^(C*>=fy Uft)l$2 0 2 1*. 

^$imcHJa#Bj<&-c$>6„ »o<ttiwfi-r<5 
A 3 . #&Bj«c<fcnraNe>=iv '^7cttS[SP2 o 1 

Kg2 0 OJtifttf. *>:U »;»SSL^t?©M»^$ 

[ 0 0 7 6 ] 13 2 K. *I8B&»(C«£*> ') ffi» 
WV<D&7cimgM2 0 1 ©»*^©-W^/7rr„ 6 
*i*A,. C©®7clf»iia2 0 1 (i. 01 ©*>nV 'J 
l»*SB2 0 0 ©*>=U «J at5£lM»»2 0 1 £ Ltffl 50 
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[0077] xmmn$m.2 o 1 ». &7tn-i£sii3 o 

1 tmmJEUZ 0 2 fcfitATfcO. j»JcttffSB3 0 1 
ti£7E*iIEgB3 0 2 5:^-^>>-f ;HOiJfflOT*>3 
^ ';M7CltWSg2 0 1 £$/&br<,>5„ 
[007 8] *^tWB»-Ct*. mmnx = A" 1 • R' 
mod p = A * • 2'" m o d p?r. 
X = A'* • (2' • 2'"- 1 ') mod p 
- (A 1 • 2' ) • 2 1 "-'' mod p 
= (A" 1 • 2 k mod p) • 2'"- 1 mod p 
= C-2 , "- k mod p 

tmiLX. SEf. SiAiSP (tctcLAltvtm* 

K.m) &Aj]tu-zW7t.smu3 o nc&vc= a* • 

2" mod ptk^&S,, CCT\ k«L«±2 

naT©p»"c. A6pfrt>-Mic&%.ztizm-c& 

0 2 1,C£ <0 MtcX = C • 2'""' mod p. -T&fr^ 
X = A"' • R' mod p£#&<5„ 

[007 9] 03teJ;O*S4«C. aBHt*»3 0 HCte 

[008 0] C©#(i«. Ubi^X^. Vlxi^X^. T 
P^^^. S P^X£©4o©^{ggbi/;*#£fiJffl 

4l/r«c>saE»k«:«ift3hS. k©fS(*ap 
©f .^ h-9-^X?rL£1-^i^. LWi2LWT"C* 
0. JO«»®«iafi«0 (L) V$>6tctb. ±fcVklS 
(L J ) ©Mli«r*^„ «T. 03*3^^04© 

[008 1 ] *f. ^£ipftfc£p£Ui;;*£Ul<:. P 
«T©iE©MDiA5:U^^V(C^-r^ <> t/c. Vi> 
X^T^O. uyxifSKl, Ui7x*ktC0 5:-etl-e 

©^a-c*^„ 

[008 2] \m, ^r^S402)!i^7-^'S4 

1 0©^H?r. U^X^V*iiE©<ir$)SP8l (OtCtcS 

[0083] st. i^**v#oraw*itf. 

L/jSKfel«©-C, Xfy7'S4 0 3(Ci^(Xf^ 
7"S 4 0 2 ) . ' 

[0084] uyx£U©*Tfitrs' h*50^S*i?rW 
m (Xf'?7 - S403)„ ^>uor*titf. U-i^X 
^ U ?r^fitc 1 t" 7 b y7 11/ (Xf*;7"S4 1 1) , U 
^X^S^tcl f> bi/7Ht (^^";7"S4 1 
2) , Xt- 7 7'S4 1 OtCi^i. ^Lr. Xf-^7S4 

1 0(crk©fiI£UtJjnU ^7-^7S4 0 2(C^. 

[0085] ^fy 7 - S4 0 3JCTl^X*U©&T{£ 
t' 0 T% Vttl\t. Vi>*>t W<OWVit t' y Y & 0 

fr^frwmtz, (x? *;7 - s 404) „ i> b o 
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13), l>is*itTi:&C 1 fc* *j his? b bX (Xf^ 
7*S414) , Xr^'S4 1 0lct& o ^bX, 
-^S4 1 0(CTk<Dfii£ HfttlU Xr^7'S402 

[0086] X f - ? 7" S 4 0 3 CCC U %? X 2 U <OftT& 

«*fr&5 Uf^7"S40 5) . 
[0087] tL/U>V%6{! l/^^U^6l/^X 
^VOftg^l* (Xt^-;7 , S4 15) , L^X£U£ 10 
6(Clt'^ h^hL (^f^7'S416) . 
TCCU^^SOftSSttlSU (Xf^7'S4 1 7) , 
1/>?^*S*2ECC1 fcf? h^:7>T£ Ur^'S4 1 
8 ) . ^(/t, XTyV'SAl OKk^ 1 ifJn 
U Xf-vy'S 4 0 2fc:K& 0 
[0 08 8] ^LXr^7'S4 0 5<DISS. U<VfeU 
<ttU = V<D*§£te. U5/X£V;fr6U^;*£U<Dl*3g 
(*7^:/S406) , U^^VSriKllt^ 
h^7H (^r77'S4 0 7) , U^^S^CU^ 
^TCDrt^*Jto»L (Xf 7^4 08) , U^X^T* 20 

F^"7 h*T& (Xf^7'S409) „ ^b 
r, *r ^7*S4 1 OiCT k<Dffi?rliftt]U Xr;^ 
S4 0 2KR3. 

[0 08 9] J^(±0>b-^*l»DiEL, ^7*S4 0 
2CCTU^*V#50{Ctc"^/cia^- Xr^*S4 1 9 

*&^*e&*<Dr, «>LU*nraw*a6iAtpttS 

[0 09 0 ] x5-rttl>t|£\ *T&to^Xf-^-7"S4 

£>ftti, T*6p*3I* (^T77'S42 1 ) % T#p 
MT<DmkfcUZ>&')ltt Z>o tbX, Xf^S42 

[0 09 1 ] fei±<Dtoa^C J: 0 , TCD^CC^A" 1 • 2 
* mod pOtflHSa^ittStlS. 40 
.[0092]%tC. CCDT^A- 1 ^* mod pi 
kCO<B*iM7cfflIEa53 0 2tcA^Lr, ^:>rf^ 

[0093] E5tC. $7utifiiES|S3 0 2 <2&iI#»D- 

[0 094] 35 r. R = 2 n X'hht C3<Dn £ 
fctifcLKU ■A,-.7fj?y* i £0 Kisses 5 
77*S50 1) o 

[0 09 5] ^ic, EUifti bXL-k 

<Dtf§£3c#>, mlcWtMtZ tr^S5 0 2). 50 
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C0 0 9 6-]JMtt. X^-^'S 5 03*^Xf-^S5 

To 

[0 09 7] Tt£t>t>. Xf-;7'S5 0 3Ti £m£tt 
«U i *im*Sfi©ti^tCtt, U^*£TS:ltf 
^ F£>>? h-T2> (Xf^S 5 04) . &ic, Tip 
^/N:HK*TrttC> (^^>^'S5 0 5) v fcl,TjWp 
ttbr*tl«T*6p*5l< (Xf-v7*S 5 0 6) o 
Or, *7*S5 0 7GCT i <Dffi£ lff/fQU Xf*; 
:/S 5 0 3CCg?£ 0 

[0 09 8] Xf7 7'S5 0 3ti=m(?)^C^ _L 

[0 09 9]fel±K:^Ufcl83* 04, BSQfMBttU 
[0100] fctTrfi, aft«*fl9^T, *|g»JBJI8© 

=o* yafTciwap) 2 o i <Dm**mtt*>* 

[0101] CCXiX, —mtLX. ffi(DfJp = 23, 
R=2 S ' (n = 5) iLfcitCC, *>^US||WC 

[01021H6 (a), (b) KB\ i£7U§ti?B[53 0 
lCCfcW*, UU^X^ Vb^^ 4 Tl/^X^ S 

L, Tu^^*isu^x*cctews_t(ft{Mtry hoo 
(ommz^LxfoZ) £, fr-^xyyzkowgz 

[0 1 0 3 ] 06 ( c ) Ktt, it7nfflIESB3 0 2 
CCtetfS. TUi/X^(Dp , gg^2ii^r^b/cffi (tctc 

[0 104] Sf, i£5£f+»SR3 0 1 &Ctel>T, ftBWib 
WfflcDtem, Ul/^$=p= 101 IK vi/yx$ 
= A= 1 0 0 1 1 „ TU^^ = 0, Sl/^^r= 1 , 
•k = 0«SW o 

[0 10 5] l@@(D;W7rit U>V*6Xf-^ 
S40 SICXYe s ittO, Xr-y7'S4 1 5-S4 1 
8iS4 1 OtfUlTSnS. COS*, Ul/^X$=0 
0010. VUyxj=1001 1, TUS/X5?= K 
SU^*= 10, k= 1 i&So 

[0106] 2@B(D;^7 , tli, LSB (U) =0*^ 
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S 6 2 7t?p36>6T©rtg*gil»fclS**Ttc«HALt: 

[0129] JW±©MffitC <£ 0 . T©rtg<b HA"' • 
2 k mod p#stt#3#i-5. 
[0130] j^?cMiEgP3 0 2 ©MH©aft©)3'J 

<D-mzm 9.B10 icnk-r. 

[0131] C©^IM605&t^L/tMH#II&MIIIft 

t,atmcc3>6ft. 05©#naccfct>-cxf-^^s5 o 
£nrtl£?"£J:$Jc&&L>fcfc©tNfc£. t©<fc5tt. 

[ 0 1 3 2 ] «T. 09. Si 0©^W**ti*iB^-C 

[0133] Sf, R = 2" -V$>6tt?>0>nZ2feL 

*;7'S70 1). 
C0 134]iX«c. >ls-7'<Dm i )&L®Wl.t L/X L - k 
©fii£#i£>. raKiS^r* (Xfr7'S702) „ 30 
[0135] Ji(P$. 7 03*e.^r ^"S7 

1 0©©S£. i #SmiC&£2rS£«JiE 

[0 1 3 6 ] Zf-vVSl 0 3f i trafcttiKU i # 

x<D2m&£3.tct%icm±.{&t:'j -o" ©a 

fi£#9> HOr<l©fa?:w<L-rS (Xf ?7"S7 0 
4) . 
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